An investigation using averaging method is carried out to obtain the frequency response of a class of vibration isolators with saturation spring. The saturation characteristics are modeled using a hyperbolic-tangent function. The hyperbolic-tangent saturation function is compared with other popular saturation functions, using piecewise nonlinear approximation. A parameteric study indicates that piecewise linear approximation of saturating functions provide results that are close enough to the results of hyperbolic tangent approximation. A sensitivity analysis of frequency response of the system is also investigated based on the piecewise linear approximation.
INTRODUCTION
Figure 1 depicts mechanical model of a one degree-offreedom suspension system. Recently a new type of damper with a saturation characteristic has been introduced in vibration optimization community. Using Magneto Rheological (MR) fluids and applying an electric current, the damping coefficient of the damper can be controlled almost linearly within a specific range of velocity. However, the force of the damper will be saturated when the velocity approaches a critical value called "breaking velocity" (Jolly 1996) , and additional force will be developed when the velocity exceeds the breaking velocity (Jolly et. al. 1996) .
Magneto Rheological (MR) and Electro Rheological (ER) fluids also show a saturating stiffness behavior i.e., a saturating spring. Saturating stiffness phenomenon are generally a characteristic occurring in magnetic field and result in enhancement of shear stress developed within the fluid, as well as dry friction dampers. This property is also employed to control the cantilever magnetometry, (Chabota, and Moreland 2003) , hydraulic springs (Walsh, and Lamancusa 1992) and electro-mechanical valves actuators (Tai, Stubbs, and Tsao 2001) . Also, inclusion of the stick-slip and hysteresis in the model of dry friction law during the slip phase, creates a creep force that saturates at the adhesion limit value. This is a model utilized in the dynamics resulting from the coupling between the nonlinearities in the dry friction model, and the impact with the guidance of railways (True, and Asmund 2002) .
In this paper a vibration isolation system employing a nonlinear cubic spring along with a saturation spring in parallel with a linear viscous damper is studied under base excitation. The behavior of such a system can be described by the following equation of motion. u a u u a u a tanh(a u) r sin( r )
The steady state frequency-amplitude dependency of the system is derived by applying the averaging method. The analytical results have been utilized to investigate the parameter sensitivity. The main outcome of this analysis would be comparison of the smooth saturating model with piecewise linear saturating model. Also it will be demonstrated that the piecewise linear model reserves the main dynamic characteristics of the saturating spring phenomenon. (1)
c. Hyperbolic -cosine type Using a Taylor series the hyperbolic-tangent function was expanded into a polynomial function. 
Three different expansion will be utilized to describe the saturating function within the limits of working amplitudes The first function is found by expanding the hyperbolic-tangent function about x=0. 
2 for , and f 3 for −δ , where δ 1 =2 and δ 0 <1 is a user defined fixed value, provide a piecewise nonlinear approximation of the saturating function. The approximated piecewise nonlinear function (6) is illustrated in Figure 5 and is compared with the hyperbolic-tangent function. 
. Whenever the absolute value of the argument bx passes the limit values then ta is assumed to be one.
Assuming a nonlinear third order function for the primary spring, and a linear characteristic for the primary damper, the equation of motion of the system shown in Figure 1 would be: 
Introducing a relative displacement coordinate z=x-y, and employing a set of dimensionless parameters, the equation of motion transforms to the following equation,
where
2. FREQUENCY RESPONSE
Nonlinear Spring, No Saturation
Setting a 3 =0 in Equation (8), the problem reduces to a base excited Duffing-type vibration isolator.
A closed form equation describing the frequency response of the system (10) may be found using a perturbation and approximation method such as averaging method (Nayfeh and Mook 1979, Tondle 1986 
Saturating Spring
The problem discussed in here is a base excited nonlinear vibration isolator with saturating spring with the following equation
. (12) In order to investigate the frequency response of the system, we employ the averaging method. Then, we assume a solution in form of
.
(15) Equations (13) and (14) imply (16) and ) u rU cos rU r sin
Substituting Equations (13), (14), and (17), into Equation (12) 
Solving Equations (16) and (18) 
The variables U ′ and ′ ψ are slowly varying with time, and we may assume that their average remain constant over a period of oscillation. Hence, 
Z 1 to Z 10 can be found in Appendix. Also we define
At steady state conditions, the left hand side of Equations (21) and (22) should be considered zero. Evaluation of the integrals
on the right hand side of Equations (21) and (22) must be carried on in three steps.
Step 1. In the first step we assume U . Then, ϕ and do not exist, and the saturating spring will never pass the limits of applicability of the principal expanded function about zero. The integrals must be evaluated using 
where Z 11 , Z 12 and Z 13 can be found in Appendix.
Step 2. In the second step we assume 0 U < ≤ δ
1
. Then, no ϕ exist, and the saturating spring will never saturate, but it goes beyond the validity of the principal expanded function about zero. So, the integrals must be evaluated using 
which can be used to get the implicit equations for the amplitude a, and phase ψ, as functions of the excitation frequency r. 
Z 14 to Z 18 are indicated in the appendix. Equation (36) is the required frequency response function that can be utilized to attain the dimensionless amplitude U at frequency r, or vice versa.
Step 3. In the third step, we assume . Then, both variables and must be considered, and the integrals must be evaluated using Equation (23). The solution in the third step is valid as long as . 
Z 19 to Z 23 are defined in Appendix.
Piecewise Linear Saturating Spring
In order to evaluate the importance of having a smooth saturating function compared to a simple approximation, in this section we assume a piecewise linear model instead of hyperbolic tangent function. Frequency response analysis of smooth saturating model produces a set of complicated equations. Therefore, we must evaluate the trade off between working with simpler model and the accuracy.
Using piecewise linear approximation, the equation of motion would be .
Applying the averaging method will produce the following implicit equations for frequency response and phase of the system. Figure 7 depicts the frequency response of the system for different coefficient of the saturating term. The resonance frequency shifts to the higher frequencies by increasing the strength of the saturation. The peak of frequency response also increases by increasing the satutation strength. The effects of the variation of switching amplitude are illustrated in Figure 8 .
RESULTS
Frequency response of the system employing continuous nonlinear saturating and piecewise linear saturating models are compared in Figure 9 , for a set of parameters that produces an observable difference. It is seen that the frequency response of the system utilizing the piecewise linear saturating model detects the dynamic of the system and shows the same trend of the steady sate. Further analysis can be examined by comparing analytic equations derived in the previous section. Effect of varying a 3 and a 4 are illustrated in Figure 10 and 11 respectively.
A sample of the phase angle of the steady state response is depicted in Figure 12 , using the piecewise linear model. Nonlinear behavior and jumping phenomenon can be seen clearly. 
